Abstract. We show that fundamental groups of compact, orientable, irreducible 3-manifolds with toroidal boundary are Grothendieck rigid.
Introduction
Given a group π we denote by π its profinite completion. (We refer to Section 2.3 for the definition.) In 1970 Grothendieck [Gr70, p. 384] implicitly posed the following problem:
Problem 1.1. (Grothendieck) Let π be a finitely presented residually finite group and let Γ ⊂ π be a finitely presented proper subgroup. Is it possible for the inclusion induced map Γ → π of profinite completions to be an isomorphism?
Bridson-Grunewald [BG04] solved Grothendieck's problem by producing many examples of such pairs (π, Γ) of finitely presented groups such that the inclusion induced map Γ → π is indeed an isomorphism. An earlier example with a finitely generated (but not finitely presented) proper subgroup Γ had been given by PlatonovTavgen [PT86] . Grothendieck's problem motivated the following definition introduced by Long-Reid [LR11] :
Definition. A group π is Grothendieck rigid if for every finitely generated proper subgroup Γ ⊂ π the inclusion induced map Γ → π of profinite completions is not an isomorphism.
Note that in the definition of Grothendieck rigid one considers all finitely generated subgroups whereas in Grothendieck's question only finitely presented subgroups were considered. Recall that a group π is called coherent if every finitely generated subgroup is in fact finitely presented. For example 3-manifold groups are coherent by Scott's core theorem [Sco73] , It is an interesting question to determine which finitely presented groups are Grothendieck rigid. Cavendish [Ca12] , see also Reid [Rei15, Theorem 8.3] , showed that the fundamental groups of irreducible closed 3-manifolds are Grothendieck rigid. We extend this result to irreducible 3-manifolds with toroidal boundary. More precisely, we have the following theorem.
Theorem 1.2. The fundamental group of any irreducible, orientable, compact, connected 3-manifold with empty or toroidal boundary is Grothendieck rigid.
At least according to our proof it seems like the case of non-empty boundary is significantly harder than the closed case.
Conventions. Unless we say something else, all 3-manifolds in this paper are understood to be connected, compact and orientable. Invariants' at the Universität Regensburg funded by the Deutsche Forschungsgemeinschaft (DFG). Both authors are very grateful to the Newton Institute at Cambridge where both spent productive and happy weeks in the spring of 2017. We are very grateful to Gareth Wilkes and Henry Wilton for many very helpful conversations and we are grateful to Martin Bridson for providing feedback on the first version of the paper.
Preliminaries

Clean manifolds.
Definition. We say that a 3-manifold W is clean if the following conditions are satisfied:
(1) W is irreducible, (2) W has empty or toroidal boundary, (3) all JSJ-components of W that are Seifert fibered spaces are products and (4) no JSJ-component of W is of the form T 2 × I.
It is a consequence of the characteristic pair theorem, see e.g. [JS79, p. 138] or [AFW15, Theorem 1.7.7] that a clean 3-manifold does not contain a twisted I-bundle over the Klein bottle.
Proposition 2.1. Any irreducible 3-manifold with empty or toroidal boundary that is not a closed Seifert fibered manifold, nor finitely covered by a torus-bundle admits a finite covering that is clean.
Proof. Let N be an irreducible 3-manifold with empty or toroidal boundary that is not a closed Seifert fibered manifold. By [He87] (see also [AF13, Section 4.3]) there exists a finite regular covering N such that all Seifert fibered JSJ-components of N are S 1 -bundles over an orientable surface. Since N is not a closed Seifert fibered manifold the JSJ-components of N that are Seifert fibered have boundary, i.e. they are products of S 1 with an orientable surface. Since N is not finitely covered by a torus bundle, no JSJ-component is of the form T 2 × I.
2.2.
Girth of the JSJ-graph. The JSJ-decomposition of an aspherical 3-manifold M with empty or toroidal boundary gives rise to a JSJ-graph Γ(M) where the vertices correspond to the JSJ-components and the edges correspond to the JSJ-tori of M.
There exists a canonical map π : M → Γ(M) that is given by sending the JSJcomponents to the corresponding vertices and by sending for each JSJ-torus T the points in T × [−1, 1] onto the corresponding edge. This map induces an epimorphism
Definition. The length of a cycle in a graph is the number of edges of the cyle. The girth of a graph is the minimal length among the cycles contained in the graph. If the graph does not contain any cycles, its girth is defined to be infinity.
Proposition 2.2. Any clean 3-manifold with empty or toroidal boundary and nontrivial JSJ-decomposition admits a finite covering with JSJ-graph of girth ≥ 3.
Since the map π : M → Γ(M) induces an epimorphism π * : π 1 (M) → π 1 (Γ(M)), any finite cover Γ of the graph Γ(M) induces a finite cover M of M. Since M is clean it follows from [AFW15, Theorem 1.9.3] that the JSJ-decomposition of M lifts to the JSJ-decomposition of M and thus Γ( M ) = Γ. Therefore Proposition 2.2 follows from the following lemma:
Lemma 2.3. Any finite graph admits a finite cover with girth ≥ 3.
Proof. Let Γ be a finite graph. Let assume that the set C of cycles in Γ is non empty. Let C ⊂ H 1 (Γ; Z) be the finite set of classes corresponding to the cycles in C. (In our usage of the word "cycle" we mean that cycles are injective, hence the number of cycles is indeed finite.) There is a cohomology class φ ∈ H 1 (M; Z) = Hom(π 1 (M), Z) which does not vanish on any of the elements in C, since they are only finitely many. Choose a prime number p ≥ 3 which does not divide Π c∈C φ(c). Let φ p : π 1 (Γ) → Z → Z p be the epimorphism given by the composition of φ with the projection map Z → Z p and denote by Γ the corresponding p-sheeted cover. The choice of p implies that the pullback of each cycle in C has length at least p ≥ 3. It follows that Γ has girth ≥ 3.
2.3. The profinite completion of a group. In this section we recall several basic properties of profinite completions. Throughout this section we refer to [RZ10] for details. Given a group π we consider the inverse system {π/Γ} Γ where Γ runs over all finite-index normal subgroups of π. The profinite completion π of π is then defined as the inverse limit of this system, i.e.
Note that the natural map π → π is injective if and only if π is residually finite. It follows from [He87] and the proof of the Geometrization Conjecture that fundamental groups of 3-manifolds are residually finite. We also point out that any group homomorphism f : A → B induces a homomorphism of profinite completions f : A → B.
The following lemma is a consequence of a deep result of Nikolov and Segal [NS07] . We refer to [RZ10, Proposition 3.2.2 (a) and Theorem 4.2.2] for details.
Lemma 2.4. Let π be a finitely generated group. Then for every finite group G the map π → π induces a bijection Hom( π, G) → Hom(π, G).
For the most part we will be interested in the following corollary.
Lemma 2.5. Let f : A → B be a group homomorphism of finitely generated groups that induces an isomorphism of profinite completions. Then for any finite group G the map {epimorphisms from B onto G} → {epimorphisms from A onto G} β → β • f is a bijection. Lemma 2.6. If f : A → B is a homomorphism between two finitely generated groups that induces an isomorphism of profinite completions, then for any finite-index subgroup Γ of B (not necessarily normal) the map
Lemma 2.7. If f : A → B is a homomorphism between two finitely generated residually finite groups that induces an isomorphism of profinite completions, then the induced map on homology f * :
Proof. It follows from Lemma 2.5 that the map f induces an epimorphism from A onto every finite abelian quotient of B. It follows easily from the classification of finitely generated abelian groups that f * :
Lemma 2.8. Let f : A → B be a group homomorphism of finitely generated groups and let β : B → G be an epimorphism onto a finite group. If f : A → B is an isomorphism, then f restricts to an isomorphism
Proof. First note that if C is a finitely generated groups and if γ : C → G is an epimorphism onto a finite group, then ker(γ) = ker(γ : C → G). Now let β : B → G be an epimorphism onto a finite group. We denote by β : B → G the corresponding homomorphism. We write α = β • f : A → G. It follows from Lemma 2.5 that α : A → G is an epimorphism and that the induced map α : A → G is also an epimorphism. We obtain the following commutative diagram
Since the map in the middle is an isomorphism and the map on the right is an isomorphism it follows that the map on the left is also an isomorphism. The lemma follows from the fact, mentioned at the beginning of the proof, that the groups on the left agree with the profinite completions of the kernels of α : A → G and β : B → G.
We conclude this section with the following elementary lemma.
Lemma 2.9. Let f : A → B be a group homomorphism and let β : B → G be an epimorphism onto a finite group. Then the following are equivalent:
is an isomorphism.
2.4.
Graphs of groups and the JSJ-decomposition of a 3-manifold. A graph of groups G consists of an oriented graph Γ(G) = (V (G), E(G)) together with the following data:
(1) for each vertex v ∈ V (G) we have a group π v , (2) for each edge e ∈ V (G) we have a group π e such that π e = π e , where e is the edge e with the opposite orientation. (3) for each edge e we have group monomorphisms α e : π e → π i(e) and β e : π e → π t(e) with α e = β e and α e = β e , where i(e) and t(e) are the initial and terminal vertices of the oriented edge e. Given a graph G, by a slight abuse of notation we also denote by G its topological realization. Given a graph of groups G we denote by π 1 (G) its fundamental group. We refer to [Se80] for precise definitions and for more information.
A morphism f between two graphs of groups G and G ′ consists of a map
of the graphs and homomorphisms π v → π f (v) , v ∈ V (G) and π e → π f (e) , e ∈ V (G) which respect the maps α e and β e . Such a morphism induces a homomorphism
Lemma 2.10. Let f : G → G ′ be a morphism between two graphs of groups with the following properties:
The main example of a graph of groups that we have in mind is the following. Given an aspherical 3-manifold M with empty or toroidal boundary we obtain a JSJ-decomposition, which gives rise to the JSJ-graph Γ(M). Recall that the vertices correspond to the JSJ-components and the edges correspond to the JSJ-tori of M.
Furthermore recall that there exists a canonical map M → Γ(M) that is given by sending the JSJ-components to the corresponding vertices and by sending for each JSJ-torus T the points in T × [−1, 1] onto the corresponding edge.
The manifold M also gives rise to a graph of groups G(M) such that π 1 (G(M)) ∼ = π 1 (M), where the vertex groups are the fundamental groups of the JSJ-components and the edge groups are the fundamental groups of the JSJ-tori, and the monomorphisms from edge groups to vertex groups are the inclusion induced maps. Let T(M) denote the associated Bass-Serre tree, then Γ(M) = Γ(G(M)) = T(M)/π 1 (M) is its quotient by the action of π 1 (M).
2.5. Efficiency of the JSJ-graph of groups. We recall a definition from group theory.
Definition. Let π be a group. We say that a subgroup Γ is separable if for any g ∈ π\Γ there exists a homomorphism α : π → G to a finite group G such that α(g) ∈ α(Γ).
The following theorem is [WZ10, Theorem A].
Theorem 2.11. Let M be an aspherical 3-manifold. Then the corresponding JSJgraph of groups G(M) is "efficient", i.e. the following holds:
(
The fundamental groups of the JSJ-tori and JSJ-components are separable in π 1 (M).
In the setting of finite graphs of profinite groups there is an analogue of the classical Bass-Serre theory. A profinite graph is an inverse limit of finite graphs. It is connected if each of its finite quotients is connected. Its profinite fundamental group is the group of deck transformations of its profinite universal cover, defined by satisfying an appropriate universal property among its connected Galois covers, see [Rib17, Chapter 2] for details. A profinite graph is called a profinite tree if its profinite fundamental group is trivial. The definition of the fundamental group of a finite graph of profinite groups is analogous to the one in the classical Bass-Serre theory. One can associate to a finite graph of profinite groups G a profinite Bass-Serre tree T on which the fundamental group π 1 G acts. Similarly to the classical case, the profinite Bass-Serre tree is built as a set of right cosets of the edge and vertex groups in the profinite fundamental group of the profinite graph of groups, see Theorem 2.12. Let M be an aspherical 3-manifold whose JSJ-graph of groups is G(M) and associated Bass-Serre tree T(M). Let G(M) be the finite graph of profinite groups obtained from G(M) by replacing each vertex and edge group by its profinite completion and each monomorphism from an edge group into a vertex group by its extension to the profinite completions. Then the following hold:
(a) Each profinite edge group of G(M) injects in the profinite fundamental group Definition. An action of a profinite group π on a profinite tree T is called k-acylindrical if for every g ∈ π the subtree fixed by g is either empty or of diameter at most k. Such an action is called acylindrical if it is k-acylindrical for some k.
In the following one can treat the definition of an acylindrical action as a black box. What is relevant to us is summarized in the following two lemmas.
Lemma 2.13. Let M be a clean 3-manifold with non-empty boundary. Let G(M) be the graph of groups defined by the JSJ-decomposition of M. Then the action of π 1 (M) on the profinite tree T (M) is 2-acylindrical.
Proof. Let M be a clean 3-manifold with non-empty boundary. Denote by N the result of gluing hyperbolic 3-manifolds to M along the boundary components of M. Note that N is again an orientable 3-manifold. By [AFW15, Proposition 1.6.2] the JSJ-decomposition of N is given by the JSJ-decomposition of M together with the hyperbolic manifolds we had just attached.
Since M is clean, every Seifert fibered JSJ-component of N admits an epimorphism onto a free group, in particular it is large in the sense of [HWZ13] . Then it follows from [HWZ13, Lemma 4.11] that the action of π 1 (N) on T (N) is 2-acylindrical. Lemma 2.14.
(1) Consider N a compact, hyperbolic 3-manifold with (possibly empty) toroidal boundary. If π 1 (N) acts acylindrically on a profinite tree T with abelian edge stabilizers, then π 1 (N) fixes a unique vertex.
(2) Let N = S 1 × Σ where Σ is a surface with χ(Σ) < 0. If π 1 (N) acts acylindrically on a profinite tree T with abelian edge stabilizers, then π 1 (N) fixes a unique vertex.
Good groups.
In this short section we recall that, following Serre [Se97, D.2.6. Exercise D] a group π is called good if for every finite abelian group A and any representation α : π → Aut(A) and any i the natural map
The following theorem is due to the work of Wise [Wis09, Wis12a, Wis12b] , to works of Wilton-Zalesskii [WZ10] and Cavendish [Ca12, Section 3.5 and Lemma 3.7.1]. We also refer to [CF17, GM17] for alternative proofs and we refer to [AFW15, (H.26)] for details.
Theorem 2.15. The fundamental group of every 3-manifold (with no restrictions on the boundary) is good.
Monomorphisms of 3-manifold groups.
Definition. Let M be an irreducible 3-manifold with empty or toroidal boundary. The characteristic submanifold ΣM of M is the union of the following:
(1) all JSJ-components of M that are Seifert fibered, (2) all boundary tori of M which cobound an atoroidal JSJ-component, (3) all JSJ-tori of M.
By [AFW15, Theorem 1.7.7] the above characteristic submanifold is precisely the same object as introduced by Jaco-Shalen [JS79, Chapter V].
We say that a map f : M → N between two irreducible 3-manifolds with empty or toroidal boundary is nice if ΣM is a collection of components of f −1 (ΣN). The following lemma follows immediately from the definition of the JSJ-graph and the definition of a nice map. Theorem 2.17. Let K and N be two irreducible 3-manifolds with non-empty toroidal boundary that do not contain π 1 -injective Klein bottles. Let g : K → N be a π 1 -injective map. The map g can be homotoped to a map f satisfying the following conditions:
(1) f is nice,
Proof of Theorem 1.2
For the reader's convenience we recall the statement of Theorem 1.2. Theorem 1.2. If M is an irreducible, orientable, compact, connected 3-manifold with empty or toroidal boundary, then π 1 (M) is Grothendieck rigid.
Monomorphisms of 3-manifold groups and profinite completions.
Proposition 3.1. Let f : K → M be a nice map between two irreducible 3-manifolds with empty or toroidal boundary such that f * :
, that is defined by Lemma 2.16, is an epimorphism.
Proof. By Lemma 2.16 we have the following commutative diagram
The group π 1 (Γ(M)) is a free group. It follows from [Ha49, Theorem 5.1] that every finitely generated subgroup of π 1 (Γ(M)) is separable. Therefore, if the induced
) is not an epimorphism, then there exists a finiteindex proper subgroup Γ of π 1 (Γ(M)) with f * (π 1 (Γ(K))) ⊂ Γ. But this means that f * (π 1 (K)) is contained in the finite-index proper subgroup p −1 (Γ). But by Lemma 2.6 this contradicts our hypothesis that f * : π 1 (K) → π 1 (M) is an isomorphism.
3.2. Proof of Theorem 1.2 -reduction to the irreducible case. Clearly the statement of Theorem 1.2 is trivial if M ∼ = S 1 × S 2 , thus we can henceforth assume that M is irreducible.
3.3. Proof of Theorem 1.2 -reduction to the case that K has non-empty toroidal boundary. Let M be an irreducible 3-manifold with empty or toroidal boundary and let G ⊂ π 1 (M) be a finitely generated subgroup such that the induced map G → π 1 (M) is an isomorphism. We need to show that G = π 1 (M). Clearly the statement is trivial if π 1 (M) is finite, thus we can assume that M is aspherical. This implies that π 1 (M) is torsion-free and thus G is also torsion-free.
Let q : M G → M be the covering of M with π 1 (M G ) = G. By hypothesis M is irreducible. By the equivariant sphere theorem, see [MSY82, Theorem 3 on p. 647], the manifold M G is also irreducible.
is injective and the image of π 1 (K) equals G. (Here the 3-manifold K can a priori have any type of boundary.) We will now identify π 1 (K) with G. Since M G is irreducible we can cap off in M G all boundary components of K that are spheres. Thus we can assume that all boundary components of K have genus at least one. Since M G is irreducible we see that K itself is irreducible. Since G is torsion-free and non-trivial we see that K is in fact aspherical.
Claim.
(1) for all i the map q induces an isomorphism
Proof of the Claim. Let i ∈ {0, 1, 2, 3} and let p be a prime. We consider the following commutative diagram
By Theorem 2.15 the groups π 1 (M) and π 1 (K) are good. If we apply the goodness property to A = F p with the trivial action we obtain that in the above commutative diagrams the vertical maps are isomorphisms. By our hypothesis on K and M the bottom horizontal map is an isomorphism. It follows that the top horizontal map is also an isomorphism. Since K and M are aspherical we deduce that the maps
are isomorphisms for any i and any prime p. By the Universal Coefficient Theorem and the classification of finitely generated abelian groups this implies the first statement and evidently then also the second statement. This concludes the proof of the claim. Now suppose that M is closed. As we just showed in claim (1), this implies that K is also closed and the map q * : H 3 (K; Z) → H 3 (M; Z) is an epimorphism, i.e. p : K → M is a map of degree one. It follows from a standard argument, see e.g. [He76, Lemma 15.12] , that q * : π 1 (K) → π 1 (M) is an epimorphism. The hypothesis that q * : π 1 (K) → π 1 (M) is an isomorphism together with the fact that π 1 (K) and π 1 (M) are residually finite also implies that q * : π 1 (K) → π 1 (M) is a monomorphism. Thus we see that q * : π 1 (K) → π 1 (M) is an isomorphism, i.e. G = π 1 (M), as desired. Now suppose that M has non-trivial boundary. By the above claim and by our hypothesis on the boundary of M we have χ(K) = χ(M) = 0. A standard Poincaré duality argument shows that χ(∂K) = 2χ(K). Thus we see that χ(∂K) = 0. Since K has no spherical boundary components we see that all boundary components of K are tori.
3.4. Proof of Theorem 1.2 -reduction to clean 3-manifolds with girth ≥ 3. In light of the previous section and of Theorem 2.17 (1) it remains to prove the following proposition.
Proposition 3.2. Let f : K → M be a nice map between two irreducible 3-manifolds K and M that both have non-empty toroidal boundary. If f induces an isomorphism of profinite completions, then f * : π 1 (K) → π 1 (M) is an isomorphism.
Let f : K → M be a nice map between two irreducible 3-manifolds K and M that have non-empty toroidal boundary. Lemmas 2.5, 2.8 and 2.9 together with Propositions 2.1 and 2.2 show that after possibly going to a finite cover, it suffices to prove Proposition 3.2 when K and M are clean manifolds and their JSJ-graphs have girth ≥ 3. (Note that here we use the fact that the finite cover of a graph with girth ≥ 3 has again girth ≥ 3.) So we we can reduce the proof of Theorem 1.2 to the following statement.
Proposition 3.3. Let f : K → M be a nice map between two clean 3-manifolds K and M with non-empty toroidal boundary and whose JSJ-graphs Γ(K) and Γ(M) have girth ≥ 3. If f induces an isomorphism of profinite completions, then f * :
The proof of Proposition 3.3 will be given in the next section.
3.5. Proof of Proposition 3.3. Let f : K → M be a nice map between two clean 3-manifolds K and M with non-empty toroidal boundary, whose JSJ-graphs Γ(K) and Γ(M) have girth ≥ 3. We denote by f : Γ(K) → Γ(M) the map that is induced by Lemma 2.16.
on the set of vertices.
Proof. Since the manifolds K and M are clean, it follows, as we had observed in Section 2.1, that no piece in their respective JSJ-decompositions are twisted I-bundles over the Klein bottle. Then the actions of π 1 (K) on the JSJ-Bass-Serre tree T(K) and of π 1 (M) on the Bass-Serre tree T(M) are 2-acylindrical. It follows from Lemma 2.13 that the corresponding actions of π 1 (K) and π 1 (M) on the profinite Bass-Serre trees T(K) and T(M) are also 2-acylindrical.
Let f : K → M be a nice map such that f * : π 1 (K) → π 1 (M) is an isomorphism. Then π 1 (M) acts 2-acylindrically on the profinite tree T(K) with abelian edge stabilizers via the isomorphism f * −1 . Therefore for each vertex v ∈ V (Γ(M)) the profinite vertex group π 1 (M v ) acts acylindrically on the profinite tree T(K). Since M v is not a twisted I-bundle over the Klein bottle, Lemma 2.14 implies that f
Then, up to conjugation, we have the following inclusions:
Here the first inclusion comes from Theorem 2.12 (b3) and the second inclusion comes from the fact that f defines a map of groups. It follows from the inclusions that
) and by Lemma 2.14 we have
On the other hand it follows from the proof of Lemma 3.4
that f * ( π 1 (K w )) = π 1 (M f (w) ). Hence the monomorphism f * :
induces an isomorphism f * : π 1 (K w ) → π 1 (M f (w) ). The fundamental groups of Seifert fibered 3-manifolds are LERF by [Sco78] It follows from Lemmas 2.10, 3.4 and 3.5 that the following lemma concludes the proof of Proposition 3.3.
Lemma 3.6. The map f : Γ(K) → Γ(M) induces a bijection E(Γ(K)) → E(Γ(M)) on the set of edges. Moreover for each edge e ∈ E(Γ(K)) the map f * : π 1 (T e ) → π 1 (T f (e) ) is an isomorphism.
Proof. First we show that the map f : Γ(K) → Γ(M) induces an injection E(Γ(K)) → E(Γ(M)) on the set of edges. Let e 1 , e 2 ∈ E(Γ(K)) such that f (e 1 ) = f (e 2 ) ∈ E(Γ(M)). By Lemma 3.4 we already know that f is bijective on the set of vertices. It thus follows from f (e 1 ) = f (e 2 ) that the initial and terminal vertices of e 1 and e 2 in Γ(K) agree. It follows from this observation, together with our hypothesis that the girth of Γ(K) is ≥ 3, that e 1 = e 2 . Now we show that f : E(Γ(K)) → E(Γ(M)) is in fact a bijection. We denote by v the number of vertices of Γ(K) and we denote by e the number of edges of Γ(K). Similarly we define e ′ and v ′ for M instead of K. By the above we have e ≤ e ′ . We need to show that e = e ′ . By Lemma 3.4 we have v = v ′ , which implies that e − v ≤ e ′ − v ′ . On the other hand Proposition 3.1 implies that e − v ≥ e ′ − v ′ . Combining these inequalities we obtain that e = e ′ , as desired. We turn to the proof of the last statement of the lemma. For each edge e ∈ E(Γ(K)) the group f * (π 1 (T e )) injects into π 1 (T f (e) ). Since K and M are clean manifolds it follows from [AFW15, Chapter 2.5] that the edge groups π 1 (T e ) and π 1 (T f (e) ) are maximal abelian subgroups in the vertex groups π 1 (K v ) and π 1 (M f (v) ) respectively, where v ∈ V (Γ(K)) is an extremity of e. Since by Lemma 3.5 the induced map f * : π 1 (K v ) → π 1 (M f (v) ) is an isomorphism, it follows that f * (π 1 (T e )) = π 1 (T f (e) ) and thus the induced map f * : π 1 (T e ) → π 1 (T f (e) ) is an isomorphism.
